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In this note we will show that for 0 < p < I simultaneous polynomial approxima-
tion is not possible. ,I' 1995 AcademiC Press. Inc.

While I believe that the statement of the abstract is evident from the
pathological behaviour of derivatives in Lin 0 < P < I, numerous questions
by others led me to understand the need for the following precise statement
and proof

THEOREM I. For 0 < p < I we cannot have P II = PIl(f) E nil such that

(1)

and

(2)

simultaneously with constants C, C t independent of nand fE A.c. [ -1, 1].

We recall that w( g, t)" =sUPI"1 ~1(:1 g( . + (h/2))- g( . -(h/2) )11/pl I +"/2. I "/2])'

w 2
( g, t) I' = sup I" I ~ I ( Ii g( . + h) - 2g( . ) + g( . - h) 111.A _ I + II. I"] ), and that

11 gill' = 11 gillpl-I. I] where 11 gillpla. h] = (f~ Igil') Ii".

COROLLARY 2. Theorem I is valid if we replace (1) and (2) by

( I')
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and

NOTE

(2')

where rp2(X) = 1 _x2 and w~(f, t) is defined in [1].

The corollary follows from the theorem as

and

(see for instance [2]).

Proof Given p, C, and C I , we construct I (that depends on n), which
will cause a contradiction. Let f(x) be given by

{

k+ 1
-o~,

n-
f(x)= k k

,+11 (x-,),
Ir 12-

for some n (11? 2). Obviously,

k 1 k+ 1
'+1:::;;;X:::;;;~"~'o-'
n~ n- n"

We now have

{

a,
{'(x) =

11,

k 1 k+ 1
,+-<x<_·~ .. ·
Il~ n~ n~

k k 1
'o<x <,+-.
n~ Ir n~

and

2n 2

wU', 1/11)11;:::;;;211f'IIPI,=2-~/11'=4111'-1.
II'

Using now

III- P II ,:::: CS l /pn -2
n; p-"";;::

in conjuction with

III- xiiI':::;;; 2'/l'n- 2

we have

and

and

and

III' - PI!I ,:::: C 4'/1'/11 -1/1'
fJ ~ P -....;: I

III' - 0111' :::;;; 2'/l'n 1 - 1/1',
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Using the Markov-Bernstein theorem (see [3, Theorem 5]),

implies
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Hence

and

This implies

,. 1.... 2

1=.I.li21dx~C(n-I'+111' l)li1'=o(l),

which is a contradiction. I
We note that (I) (or (1')) and

can be proved, but not with QIl = P;,.
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