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In this note we will show that for 0 < p < | simultaneous polynomial approxima-
tion is not possible. " 1995 Academic Press. Inc.

While I believe that the statement of the abstract is evident from the
pathological behaviour of derivatives in L,, 0 < p <1, numerous questions
by others led me to understand the need for the following precise statement
and proof.

THeEOREM |. For 0 < p <1 we cannot have P, = P,(f)eIl, such that
1f=P,ll, < C®( f. I/n), (1)
and
W'=P,l,<Calf, 1/n), (2)
simultaneously with constants C, C, independent of n and fe AC. [ —1,1].

We recall that w( g, ¢), =sup, <, (lg(- +{(h/2) g ~(h2D 1,0 1onnt w2y
wz(g’t)l’zsuplh\Sl(“g(‘+h)_"g(‘)+g('_h)HL,,[~]+h.l——fh])* and that
g, =181, 1.1y where fgll, 1.n = gl7)"".

COROLLARY 2. Theorem 1 is valid if we replace (1) and (2) by

If= P, < Cal(f, 1/n), (1)
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and
1 =P, < Co, ([, 1/n),
where @*(x)=1—x? and w (/. 1) is defined in [1].
The corollary follows from the theorem as
wi(fi1),<Co’(fi 1), and (/. 0),<Co(f, 1),

(see for instance [2]).

Proof. Given p, C, and C,, we construct / (that depends on n), which

will cause a contradiction. Let f(x) be given by

k+ k
3 —'»+ ‘;g-\‘s LR
n n- =

Jix)= . Kok, 1
I\ TR ) 2SS

for some n {n=2). Obviously,

k 1 k+1
0, <N <y
£(x) = n n
o k 1
n, <X <5+,
1 n- n

We now have

1 1
O} (filn) )= (f=x, 1) <4 | f—xllh<4-2-5 =8
’ n-’ n’

and

2

2
ol [ 1M <211 =2 —~n} nt=dan" ",
n

Using now
If—P,l,<C8""n"> and | f' =P, ,<C 4" 17
in conjuction with
|f~xI,<2%n"2 and |f'=0],<2"n 0,

we have

1P, —~x|l,<Cn~*  and 1P, —0ll,< Cyn' 7.
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Using the Markov-Bernstein theorem (see [ 3, Theorem 5]),

HPn-_x“p< C2'172

implies
(P, — 1), < Cyn™! where @?=1-—x2
Hence
{f“‘jﬁ [P, (x)— lf”d»\'}lp< \/g Cyn !
and

= 1ip
!Pi,l.\-);pd,\-} <Cin' "

This implies

) ldx < Cn—7+n? Hlr=p(1), n— o,
12

which is a contradiction. |}

We note that (1) (or (1')) and
1 =0,,<Cawlf, 1/n),

can be proved, but not with @,=P,.
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